In this paper, we propose a methodology to forecast residential and commercial natural gas consumption which combines natural gas demand estimation with a stochastic temperature model. We model demand and temperature processes separately and derive the distribution of natural gas consumption conditional on temperature. Natural gas consumption and local temperature processes are estimated using daily data on natural gas consumption and temperature for Istanbul, Turkey. First, using the derived conditional distribution of the natural gas consumption we obtain confidence intervals of point forecasts. Second, we forecast natural gas consumption by using temperature and consumption paths generated by Monte Carlo simulations. We evaluate the forecast performance of different model specifications by comparing the realized consumption values with the model forecasts by backtesting method. We utilize our analytical solution to establish a relationship between the traded temperature-based weather derivatives, i.e. HDD/CDD futures, and expected natural gas consumption. This relationship allows for partial hedging of the demand risk faced by the natural gas suppliers via traded weather derivatives.
Introduction
Natural gas is a widely used energy source in industrial, commercial and residential sectors. While other conventional energy sources, such as, oil or coal, have relatively lower transportation costs, in most cases, natural gas transportation requires higher initial investments. As a result, local and international natural gas markets are historically based on long-term contracts 1 . Given this market structure, one of the risk factors for natural gas distributors is the demand uncertainty. Therefore, accurate forecasting of the demand for natural gas is critical for an efficient management of energy resources.
Estimation and forecasting of residential natural gas consumption has drawn significant attention from the literature. [Liu and Lin (1991) ], using monthly and quarterly data for Taiwan, employ multiple-input transfer function models to study the relationship between natural gas consumption, temperature and price. [Sanchez-Ubeda and Berzosa (2007) ] develops a flexible prediction method where the forecast is obtained by estimating the trend, seasonality, and transitory components. [Crompton and Wu (2005) ] utilizes a Bayesian vector autoregressive methodology to forecast energy demand for China including demand for natural gas, which predicts a significant increase in natural gas consumption.
[ Ediger and Akar (2007) ] uses autoregressive integrated moving average and seasonal moving average models to forecast future overall energy demand in Turkey, including natural gas. [Aras and Aras (2004) ] estimate aggregate natural gas demand in residential areas of Eskisehir, Turkey using monthly data. They estimate separate autoregressive time series models for heating and non-heating months. [Gümrah et al. (2001) ] and [Sarak and Satman (2003)] utilize degree days to explain the relation between natural gas demand and temperature levels. [Erdogdu (2010) ] employs an ARIMA model to forecast natural gas demand using quarterly data spanning the period 1988 to 2005.
1 For a detailed analysis of the natural gas markets see [M.I.T. Energy Initiative (2011)] Majority of studies in the literature use monthly or quarterly data to estimate natural gas demand. This aggregation is likely to result in an information loss. The use of daily data also enables us to conduct a more efficient statistical analysis due to large sample properties of the estimators. Moreover, one of the main determinants of residential natural gas consumption is temperature and therefore, in order to obtain reliable forecasts, one should embed temperature forecasting into the forecasting procedure. Potocnik et al. (2007) incorporates weather forecast data in their model and estimate expected forecasting errors.
Although their forecasting methodology is different than ours, their objective is close to our paper. However, since they do not model temperature endogenously, their study do not take errors due to temperature forecasting into account.
In this paper, we propose a framework to forecast future residential and commercial natural gas consumption which combines natural gas demand estimation with a stochastic temperature model. We model demand and temperature processes separately and derive the distribution of natural gas consumption conditional on temperature. First, using the derived conditional distribution of the natural gas consumption we obtain confidence intervals of point forecasts. Second, we forecast natural gas consumption by using temperature and consumption paths generated by Monte Carlo simulations. Then, we compare the performance of these forecasting procedures.
We apply our framework using daily natural gas consumption and temperature data from Istanbul, Turkey. We estimate different model specifications for a robust analysis of the natural gas demand. Estimation results indicate that heating degree days (daily HDDs)
is the main determinant of the natural gas demand. We model temperature using a meanreverting Ornstein-Uhlenbeck process based on the model by [Alaton et al. (2002) ].
Starting from the initial one year period of our sample and iteratively expanding the estimation window, we obtain forecasts based on both analytical solution and Monte Carlo simulations. We evaluate relative forecast performances of these procedures by comparing realized consumption values with the model forecasts.
Furthermore, we utilize our analytical solution to establish a relationship between the traded temperature-based weather derivatives, i.e. /CDD futures, and expected natural gas consumption. This relationship allows for partial hedging of the demand risk faced by the natural gas suppliers via traded weather derivatives.
The paper is organized as follows. Section 2.1 describes the dataset used in the analysis. Section 2.2 provides the alternative model specifications for demand estimation and presents the estimation results. Section 2.3 describes the methodology used for modelling daily average temperatures. Section 3 derives the conditional distribution of the natural gas consumption and derives a theoretical relationship between the risk neutral expectation of the natural gas consumption and the heating/cooling degree days (HDD/CDD) futures.
Section 4 evaluates the forecast performance of the considered models using Monte Carlo simulation and the conditional expectation derived. Section 5 concludes the paper.
Data and Estimation Methodology
In this section, we describe our dataset and models for natural gas demand and temperature. We also present estimation results for these models for the whole sample. In order to obtain forecasts, we re-estimate these parameters for each backtesting sample.
Data
The data for natural gas consumption is obtained from IGDAS, the only natural gas • Celsius degrees the relationship between natural gas consumption and temperature is linear and natural gas consumption responds to temperature changes. This observation is consistent with the energy industry threshold of 18 • Celsius degrees 3 for defining the heating and cooling degree days.
Time Series Modeling of Natural Gas Demand
In this section, we introduce demand model specifications and present estimation results for the whole sample.
Natural gas market in Turkey is not competitive (natural gas markets are not fully liberalized in most of the emerging economies) in the sense that distributors set prices using a constant mark-up which is determined by a governmental agency, EMRA (Energy Market Regulatory Authority). Since natural gas prices do not reflect changes in demand conditions, demand estimation can be abstracted from possible supply side simultaneity issues.
We consider different model specifications for estimation of daily natural gas demand.
In Table 1 model specifications are presented. The levels of natural gas consumption perconsumer, (c t ) is the dependent variable in "Panel A", whereas in "Panel B", the natural logarithm of consumption per-consumer (ln(c t )) is used. The explanatory variables and the notation used are as follows: daily heating degree days (HDD t ); daily cooling degree days (CDD t ) 4 time trend (t); natural gas prices (p t ); and the holiday dummy (H t ), which is used to capture possible effects of holidays on consumption. In Model 5b, the price is also in logarithmic form to estimate the price elasticity of demand directly. We define the daily average temperature as the average of the maximum and minimum temperatures observed at a particular measurement station during a given day. Using this definition of daily average temperature, which is denoted by T t (measured in Celsius degrees), we define the heating degree day (HDD) as HDD t = max(18 − T t , 0). For a given day, if the temperature is below
18
• Celsius degrees then this is considered as a heating degree day (HDD > 0). We define CDD similarly as CDD t = max(T t − 18, 0). Table 2 indicate that HDDs (and therefore temperature)
Demand estimation results in
is the driving factor of the natural gas demand. Even only using the constant and HDD as explanatory variables, which corresponds to Model 1a in Table 1 , we obtain an adjusted R 2 of 0.91. By including other explanatory variables such as the price and holiday dummy, the adjusted R 2 only improves marginally. 
For simplicity we denote all the regression residuals with t , where
holiday effects and time trend. It should also be noted that in the Turkish natural gas market price is controlled by the government and does not fluctuate often throughout time, which reduces the explanatory power of natural gas price on consumption.
To verify the normality of regression residuals the histograms of the residuals together with the superimposed normal density are plotted in Figure 3 . Histograms show that even though the normality assumption is not perfectly satisfied, for analytical tractability (which is utilized in Section 3) the normality assumption is reasonable.
Temperature Modelling
Our results in Section 2.2 indicate that heating degree days (HDDs), and thus temperature, is the principal variable that explains most of the variation in daily natural gas demand per-consumer. For an accurate forecasting of natural gas demand, we need to be able to capture the dynamic behavior of daily average temperatures. We model daily average temperatures using an Ornstein-Uhlenbeck stochastic process a la [Alaton et al. (2002) ]. An applica- [Göncü et al. (2011) ].
The temperature process is modelled as:
where a is the mean reversion parameter, W t is P-Brownian motion, and T then Equation (1) can be rewritten as
where W * t is Q-Wiener process under the risk neutral probability measure. The market price of risk λ can be inferred from the prices of weather derivatives.
The long-term mean temperatures can be modelled by
where w = 2π/365. The parameters A, B, C and D are estimated by the least-squares method to maximize the goodness-of-fit. The estimated parameters for the whole sample along with the t-statistics are provided in Table 3 . In Figure 4 the actual daily average temperatures and the fitted long-term mean temperatures are plotted. The histogram of the Observed temperatures Fitted long−term mean temperatures residuals obtained from the regression model in Equation (3) is provided in Figure 5 . Figure   5 confirms that the normality assumption is met.
For a starting point T s , the solution of Equation (2) is given by
Then it follows that
and
If the volatility is constant over the interval [s, t] then the variance is The covariance of daily temperatures for 0 ≤ s ≤ t ≤ u is derived as
which will be needed in the derivation of conditional expectation for natural gas consumption.
In Table 4 , we provide volatility estimates of the daily temperatures using quadratic variation and regression methods for each month of the year (see [Alaton et al. (2002) ] for details of these two methods). 
Conditional Distribution of Natural Gas Consumption
In this section we derive the conditional distribution of the natural gas consumption at time t using the solution of the dynamic model for the daily temperatures. Hence, we obtain analytical expressions for the conditional expectation and the variance of the natural gas consumption, which we use for obtaining forecasts and confidence intervals.
Furthermore, given traded temperature based HDD/CDD futures, our approach establishes the analytical relationship between the consumption model and futures prices of HDD/CDD contracts. Therefore, we derive the risk neutral expectation of natural gas consumption given traded HDD/CDD futures. However, it is also possible to set the market price of risk parameter to be equal to zero, i.e. Q = P, and work with the physical probability measure.
Derivation of the Conditional Distribution of Natural Gas Consumption
We will consider two model specifications, Model 4a and 4b, respectively. However, the same approach can be applied to other model specifications considered in previous section.
Model 4a is given by:
T t is normally distributed with the given mean and variance in Equations (5) and (6), respectively. For any day t, we have either heating or cooling degree day, i.e. HDD ≥ 0 or CDD > 0. We set χ := {t|HDD ≥ 0}, then the conditional expectation of natural gas consumption for day t at day s (s < t) follows as
Variance of the conditional natural gas consumption is calculated as follows
Denote the mean and variance of c t |t ∈ χ as µ ct,1 and σ 2 ct,1 , respectively. Then c t |t ∈ χ ∼ N(µ ct,1 , σ 2 ct,1 ), whereas the mean and variance of c t |t / ∈ χ is denoted as µ ct,0 and σ 2 ct,0 . Then
For simplicity suppose we want to obtain a forecast of natural gas consumption during a winter month, where HDD t is always positive. We should also note that forecasting the natural gas during winter months is particularly important due to the peaking natural gas consumption.
Suppose given the information at time s we want to forecast C(t 1 , t M |F s ) := c t 1 +c t 2 +...+ c t M , where c t i denotes the per-consumer natural gas consumption for day i and t 1 , ..., t M ∈ χ.
Then the conditional expectation and variance of C(t 1 , t M |F s ) is given by
where
is given in Equation (5). The variance is given by (s
where the variance and covariance of temperatures are given in Equations (7) and (8), respectively. By substitution we obtain
Next, we consider Model 4b where the dependent variable is the logarithm of the natural gas consumption. Similarly, we derive the conditional expectation under this alternative model specification. Model 4b is given by:
Similarly, due to the normality of temperatures the natural gas consumption is lognormally distributed. Then c t |t ∈ χ ∼ Log-Normal(µ ct,1 , σ 2 ct,1 ), whereas c t |t / ∈ χ ∼ Log-Normal(µ ct,0 , σ 2 ct,0 ). Then the conditional expectation of natural gas consumption for s < t is given by
The variance is given by
3.2 Risk-neutral expectation of natural gas consumption in the existence of temperature-based futures
In this section, we derive a relationship between the conditional expectation of natural gas consumption and temperature based futures contracts. For example, various types of temperature futures such as, heating degree days (HDDs), cooling degree days (CDDs) and cumulative average temperatures (CAT), are traded in the Chicago Mercantile Exchange (CME). Next, we establish a connection between futures prices of HDD/CDD contracts and natural gas consumption.
We consider Model 4a. From Equation (10) for t 1 , ..., t M ∈ χ we obtain the risk neutral expectation of natural gas consumption as:
where F HDD (t 1 , t M ) is the market price of HDD futures contract for the measurement period
Similarly, from Equation (11) for t 1 , ..., t M / ∈ χ we obtain
where F CDD (t 1 , t M ) is the market price of CDD futures contract for the measurement period
Backtesting
In this section, we evaluate the forecast performance of the considered models via backtesting method at monthly and 10-day forecast horizons. Realized per-consumer natural gas consumption values are compared with the model forecasts from Monte Carlo simulation and the conditional expectation derived in the previous section. Below, we describe our methodology which relies on an iterative process for obtaining model forecasts at different time horizons. Without loss of generality, we only describe the backtesting procedure at monthly forecast horizon.
1. We estimate the demand and temperature models using the first 365 days of our sample 3. At the next step, we expand estimation window by including the consequent month and repeat previous steps, i.e. we re-estimate both the demand and temperature models, which allows us to use all the realized information to obtain the forecast of the consequent month.
4. We repeat this iterative procedure until all the forecasts are obtained within the backtesting sample.
In Figure 6 and 7 we plot the realized values for monthly and 10-day periods of the natural gas consumption versus the forecasts obtained using Model 4a. The model performs well in forecasting the level and the seasonality of natural gas consumption.
We evaluate forecast performance of the model by comparing realized and forecasted consumption values for two different forecast horizons, namely 10-day and monthly horizons.
We define C i andĈ i as 
where i = 1, 2, ..., N denotes the number of months used in the backtesting sample,Ĉ i represents the model forecast for the ith month backtesting sample, whereas C i represents the actual monthly natural gas demand per-consumer.
The RMSE results for the considered models are compared in Table 5 . Minimum RMSE is achieved in Model 4a for Monte Carlo simulation and in Model 5b for analytical solution.
A more detailed comparison of Models 4a and 4b are provided in Table 6 at the monthly forecast horizon. 5 As expected, forecasts based on the conditional expectation of natural gas consumption is particularly more accurate for winter or summer months, which reduces the need for a Monte Carlo simulation. However, the accuracy of the analytical result decays during transition months when it is more likely that temperature fluctuates around the threshold value 18 • C.
Since natural gas demand for space heating purposes peaks during winter months, forecasting accuracy for these periods is more critical. Monthly RMSE of forecasts based on both Monte Carlo simulation and analytical solution suggest that -especially for consumption levels (c t )-forecasting errors are lowest for winter months. 
Conclusion
In this paper, we propose a framework to forecast future residential and commercial natural gas consumption which combines natural gas demand estimation with a stochastic temperature model. Our framework incorporates a model for temperature process into a demand model which allows us to derive the distribution of natural gas consumption conditional on temperature. We obtain point forecasts and confidence intervals using (1) the derived conditional distribution and (2) temperature and consumption paths generated by
Monte Carlo simulations and evaluate relative forecast performances.
We apply our framework using daily natural gas consumption and temperature data from Istanbul, Turkey. For a robust analysis of natural gas demand, we estimate different model specifications using data on heating and cooling degree days (HDDs/CDDs), natural gas price, and holiday dummy variables. Our estimations identify heating degree days and thus daily temperatures, as the main determinant of natural gas demand. Including the price of natural gas and holiday dummy as explanatory variables in the regression model improves [Alaton et al. (2002) ] and [Göncü et al. (2011)] ).
In order to evaluate the forecast performance, we rely on the backtesting method. We start from the initial year of our sample, and we iteratively expand the estimation window to obtain backtesting samples based on the conditional distribution and Monte Carlo simulations. We evaluate relative forecast performances of these procedures by comparing realized consumption values with the model forecasts by comparing relative mean square errors (RMSE). Backtesting of model forecasts at monthly and 10-days time increments
shows that modelling natural gas demand using heating/cooling degree days, a constant and a time trend, yields reliable forecasts. The analytical solution derived for the conditional expectation of natural gas consumption is particularly more useful for winter and summer months, which reduces the need for a Monte Carlo simulation. However, during transition months we observe that the accuracy of the analytical result decays.
Furthermore, we establish a relationship between traded temperature-based weather derivatives and expected natural gas consumption. Using our approach, if a weather derivatives market exists for the considered location, then the implied natural gas demand perconsumer with respect to the risk neutral probability measure can be derived. As a result, this relationship allows for partial hedging of the demand risk of natural gas suppliers via weather derivatives.
